Abstract. In this paper we solve a nonlinear, singular difference inequality which is a discrete version of generalized integral inequalities of Henry-Gronwall type and their Bihari nonlinear version.
Introduction
Many problems in the theory of parabolic partial differential equations can be written as a Cauchy initial value problem du (1) -+ Au = f(t,u), u<EX, u(0) = «o, dt where X is an appropriate Banach space and A : X -> X is a linear sectorial operator. In the theory of such problems developed by D. Henry in his book [3] an important role is played by inequalities of the form t (2) u(t) ^ a(t) + $(i -s) /3 -1 F(s)w(n(5))ds, o where 0 < (5 < 1. The case ¡3 = 1, a, F, u continuous, nonnegative, u linear is covered by the Gronwall lemma and the case ¡3 = continuous, nonnegative, nonlinear is covered by the Bihari result published in [2] and its generalizations (see [4] ). The case 0 < f3 < 1 and co linear is solved by D. Henry [3] . In the paper [6] a new method for solving the case 0 < (3 < 1 and io nonlinear is developed. This method is also applied in the paper [7] in the proof of a stability theorem for a class of initial value problems of type (1) and in the proofs of results on nonlinear singular integral inequalities in two and n independent variables published in [8] .
The numerical analysis of the abstract Cauchy initial value problem (1) provides strong motivation for the study of a discrete analogue of the inequality (2) . In connection with an error estimate for the discretization in time (3) (Xi -+ Axi -f(U,Xi-1), x n | n=0 = x 0 (i e N, t is a time step, ti = it; A is a sectorial operator in a Banach space X,Xi £ X¡3 = D(AP),Q < (3 < 1; see [3] ) of the equation (1), the linear inequality 71-1 (4) u n S a n + L^2(t nt k fx u k T k=1 ({a n }^L 1; {u n }^L 1 are sequences of nonnegative real numbers, L > 0,0 < /? < 1) is solved by M. Slodicka in the paper [12] . By an iteration argument, applied also by D. Henry [3] in the proof of his result on linear singular integral inequality, it is proven in [12] that if 0 < r < 1,0 < f3 < 1, L > 0, t n = nr and (4) is satisfied, then n-1 n-1 (5) u n ^ L[a n + -t k f-'a k r + £ a k r], n ^ 1. fe=i fc=l In the paper [5] linear inequalities of type (4) are also solved. In this paper we apply our method developed in [6] for solving nonlinear singular difference inequalities. In the case of the inequality (4) we obtain an exponential estimate for u n .
Discrete inequalities
In the paper [6] we have defined a special class of nonlinear functions and proposed a new method of solving nonlinear integral inequalities with singular kernels and nonlinearity of that class. Let us recall the definition of this class of functions. Applying the method developed in the paper [6] for solving nonlinear integral inequalities with weakly singular kernels and using Lemma 1 we shall prove the following theorem. 
where ¡3 > 0,r k = tfc+i -t k with r = sup fc > 0 Tfc < oo. Then the following assertions hold:
rtn ^ c for all n ^ 0 and u satisfies the condition (q) with q = 2. Then
where Q is as in Lemma 1, Proof. First we shall prove the assertion (i). Using the Cauchy-Schwarz inequality and the condition (q) we obtain from (9) n-1 U r ^ a n + ^(tn-tk^rle^e-^Fkuiuk) and from (14) we obtain the inequality (10). Now we shall prove the assertion (ii). Let p, q be as in theorem. Applying Holder inequality and using the condition (q) we obtain The following estimates hold n-1 tn t" Since (a + b) q ^ 2 9_1 (a 9 + b q ) for any a ^ 0, b ^ 0 (see [6] ) we obtain from and from (19) we have the inequality (11) . As a consequence of Theorem 2 we obtain a discrete version of [6, Theorem 2]. 
B = jpzrrT(2f3 -1), T is the Eulerian Gamma function. IfQ(oo) ^ oo then we assume
n -l T 2{i-p) B F 2 k R{rt k ) < fi(oo), n = 1,2,... fc=o (ii) Let 0 < P = z ^ 1,where i-1 n 0 = supÎî(2 î_1 d) + T K G ^ F^R(rt k ) E fl(R + )}, k=0
